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Abstract
We give bosonizations of the superalgebras Uq(ŝl(N |1)) and Uq,p(ŝl(N |1)) for an arbitrary level
k ∈ C. We introduce the submodule by the ξ-η system, that we call the q-Wakimoto realization.
1 Introduction
Bosonizations are known to be a powerful method to construct correlation functions in not only conformal
field theory [1], but also exactly solvable lattice models [2]. The quantum algebra Uq(g) and the elliptic
algebra Uq,p(g) play an important role in exactly solvable lattice models. The level parameter k plays
an important role in representation theory for Uq(g) and Uq,p(g). Bosonizations for an arbitrary level k
are completely different from those of level k = 1. In the case for level k = 1, bosonizations have been
constructed for quantum algebra Uq(g) in many cases g = (ADE)
(r), (BC)(1), G
(1)
2 , ŝl(M |N), osp(2|2)(2)
[3, 6, 4, 5, 7, 8, 9, 10]. Using the dressing method developed in non-twisted algebra [11] and twisted algebra
A
(2)






In the case of an arbitrary level k, bosonizations have been constructed only for Uq(ŝl(N)) [14, 15, 16],
Uq(ŝl(2|1)) [17], Uq,p(ŝl(N)) [11], and Uq,p(ŝl(2|1)) [19]. In this paper we give a bosonization of the
quantum superalgebra Uq(ŝl(N |1)) for an arbitrary level k [20]. Using the dressing method developed in
[19], we give a bosonization of the quantum superalgebra Uq,p(ŝl(N |1)) for an arbitrary level k. The level
1
k bosonizations on the boson Fock space of Uq(ŝl(N)) and Uq(ŝl(N |1)) [16, 17, 20] are not irreducible
realizations. The construction of the irreducible highest weight module V (λ) is nontrivial problem. We
recall the non-quantum algebra ŝl(2) case [21]. The irreducible highest weight module V (λ) for the
affine algebra ŝl(2) was constructed from the Wakimoto realization on the boson Fock space [13] by the
Felder complex. We recall the quantum algebra Uq(ŝl(2)) case [14, 15, 22]. The irreducible highest weight
module V (λ) for Uq(ŝl(2)) was constructed from the level k bosonizations on the boson Fock space [14, 15]
by two steps; the first step is the resolution by the ξ-η system, and the second step is the resolution by the
Felder complex [22, 21]. The submodule of the quantum algebra Uq(ŝl(2)), induced by the ξ-η system,
plays the same role as the Wakimoto realization of the non-quantum algebra ŝl(2). We would like to call
this submodule induced by the ξ-η system ”the q-Wakimoto realization”. Constructions of the irreducible
highest weight module V (λ) for Uq(ŝl(N)) (N ≥ 3) and Uq(ŝl(N |1)) (N ≥ 2) are still an open problem.
In this paper we study the ξ-η system and introduce the q-Wakimoto realization for the superalgebra
Uq(ŝl(N |1)) and Uq,p(ŝl(N |1)).
This paper is organized as follows. In section 2, after preparing notations, we give the definition of
the quantum superalgebra Uq(ŝl(N |1)) and the elliptic superalgebra Uq,p(ŝl(N |1)). In section 3 we give
bosonizations of the superalgebras Uq(ŝl(N |1)) and Uq,p(ŝl(N |1)) for an arbitrary level k. In section 4
we introduce the q-Wakimoto realization of by the ξ-η system.
2 Superalgebra Uq(ŝl(N |1)) and Uq,p(ŝl(N |1))
In this section we recall the definitions of the quantum superalgebra Uq(ŝl(N |1)) [18] and the elliptic
deformed superalgebra Uq,p(ŝl(N |1)) [19] for N ≥ 2. We fix a complex number q 6= 0, |q| < 1. We set
[x, y] = xy − yx, {x, y} = xy + yx, [a]q = q
a − q−a
q − q−1 . (2.1)
Let us fix complex numbers r, k ∈ C, Re(r) > 0,Re(r − k) > 0. We use the abbreviation r∗ = r − k. We














where we have used




The Cartan matrix (Ai,j)0≤i,j≤N of the affine Lie algebra ŝl(N |1) is given by
Ai,j = (νi + νi+1)δi,j − νiδi,j+1 − νi+1δi+1,j . (2.4)
Here we set ν1 = · · · = νN = +, νN+1 = ν0−.
2.1 Quantum superalgebra Uq(ŝl(N |1))
In this section we recall the definition of the quantum affine superalgebra Uq(ŝl(N |1)).
2
Definition 2.1 [18] The Drinfeld generators of the quantum superalgebra Uq(ŝl(N |1)) are
x±i,m, hi,m, c, (1 ≤ i ≤ N,m ∈ Z). (2.5)
Defining relations are




q−c|m|δm+n,0 (m,n 6= 0), (2.7)
[hi, x
±






q−c|m|zmx+j (z) (m 6= 0), (2.9)
[hi,m, x
−
j (z)] = −
[Ai,jm]q
m
zmx−j (z) (m 6= 0), (2.10)
(z1 − q±Ai,j z2)x±i (z1)x±j (z2) = (q±Aj,iz1 − z2)x±j (z2)x±i (z1) for |Ai,j | 6= 0, (2.11)
x±i (z1)x
±




i (z1) for |Ai,j | = 0, (i, j) 6= (N,N), (2.12)














for (i, j) 6= (N,N), (2.14)
















j (z)− (q + q−1)x±i (z1)x±j (z)x±i (z2) + x±j (z)x±i (z1)x±i (z2)
)
+(z1 ↔ z2) = 0 for |Ai,j | = 1, i 6= N, (2.16)
where we have used δ(z) =
∑
m∈Z z



























2.2 Elliptic Superalgebra Uq,p(ŝl(N |1))
In this section we recall the definition of the elliptic superalgebra Uq,p(ŝl(N |1)).
Definition 2.2 [19] The elliptic superalgebra Uq,p(ŝl(N |1)) is the associative algebra generated by
the currents Ej(z), Fj(z), H
±
j (z) (1 ≤ j ≤ N) and Bj,m(1 ≤ j ≤ N,m ∈ Z6=0), hj (1 ≤ j ≤ N) that
satisfy the following relations.

















For 1 ≤ i, j ≤ N such that (i, j) 6= (N,N) they satisfy[

























{EN (z1), EN (z2)} = 0, {FN (z1), FN (z2)} = 0, (2.27)
{EN (z1), FN (z2)} = 1
(q − q−1)z1z2
(




For 1 ≤ i, j ≤ N they satisfy
Hi(z1)Hj(z2) =
[u2 − u1 − Ai,j2 ]∗[u2 − u1 +
Ai,j
2 ]
[u2 − u1 + Ai,j2 ]∗[u2 − u1 − Ai,j2 ]
Hj(z2)Hi(z1), (2.29)
Hi(z1)Ej(z2) =









[u1 − u2 + r2 + Ai,j2 ]






























































































































































































































1 + (z1 ↔ z2) = 0. (2.33)
Here we have used zj = q
2uj .
3 Bosonization
In this section we give bosonizations of the superalgebras Uq(ŝl(N |1)) and Uq,p(ŝl(N |1)) for an arbitrary
level k [17, 19, 20].
3.1 Boson
We fix the level c = k ∈ C. We introduce the bosons and the zero-mode operators ajm, Qja (m ∈ Z, 1 ≤
j ≤ N), bi,jm , Qi,jb (m ∈ Z, 1 ≤ i < j ≤ N + 1), ci,jm , Qi,jc (m ∈ Z, 1 ≤ i < j ≤ N). The bosons aim, bi,jm , ci,jm ,










a] = (k +N − 1)Ai,j , (3.1)
[bi,jm , b
i′,j′

















c ] = δi,i′δj,j′ . (3.3)
We impose the cocycle condition on the zero-mode operator Qi,jb , (1 ≤ i < j ≤ N + 1) by
[Qi,jb , Q
i′,j′
b ] = δj,N+1δj′,N+1pi
√−1 for (i, j) 6= (i′, j′). (3.4)














= 0 (1 ≤ i 6= j ≤ N). (3.6)
We use the standard symbol of the normal orderings ::. In what follows we use the abbreviations
















z−m +Qi,jc + c
i,j
0 logz, (3.7)








−m ± aj0logq. (3.8)
3.2 Quantum Superalgebra Uq(ŝl(N |1))
In this section we give a bosonization of the quantum superalgebra Uq(ŝl(N |1)) for an arbitrary level k.
5
Theorem 3.1 [20] The Drinfeld currents x±i (z), ψ
±
i (z), (1 ≤ i ≤ N) of Uq(ŝl(N |1)) for an arbitrary


























































































































































−bj,N+1+ (q−k−jz)− bj,N+1(q−k−j−1z)− N−1∑
l=j+1
(bl,N− (q
































± k2 z) = exp
(
ai±(q



























3.3 Elliptic Superalgebra Uq,p(ŝl(N |1))
In this section we give a bosonization of the elliptic superalgebra Uq,p(ŝl(N |1)) for an arbitrary level k,
using the dressing deformation [20]. Let us introduce the zero-mode operators Pi, Qi, (1 ≤ i ≤ N) by
[Pi, Qj ] = −Ai,j
2
(1 ≤ i, j ≤ N), (3.15)
where (Ai,j)1≤i,j≤N is the Cartan matrix of the classical sl(N |1). In [20] the bosonization of the Drinfeld





















hj,m (m > 0),
qk|m|hj,m (m < 0).
(3.18)
Theorem 3.2 [19, 20] The currents Ej(z), Fj(z), H
±
j (z) (1 ≤ j ≤ N) of the elliptic superalgebra


























 : e2Qjz− krr∗ Pj+ 1rhj . (3.22)
Here we have used the dressing operators U+j (z), U
−
j (z) (1 ≤ j ≤ N) given by





















In this section we introduce the q-Wakimoto realization by the ξ-η system. We introduce the vacuum
state |0〉 of the boson Fock space by
aim|0〉 = bi,jm |0〉 = ci,jm |0〉 = 0 (m ≥ 0). (4.1)
For complex numbers pia ∈ C (1 ≤ i ≤ N), pi,jb ∈ C (1 ≤ i < j ≤ N + 1), pi,jc ∈ C (1 ≤ i < j ≤ N), we
set




Min(i, j)(N − 1−Max(i, j))

















ai0|pa, pb, pc〉 = pia|pa, pb, pc〉, bi,j0 |pa, pb, pc〉 = pi,jb |pa, pb, pc〉, ci,j0 |pa, pb, pc〉 = pi,jc |pa, pb, pc〉. (4.3)






m on the vector |pa, pb, pc〉. We













F (pa, pb, pc). (4.4)
We have imposed the restriction pi,jb = −pi,jc ∈ Z, because the x±i,m change Qi,jb +Qi,jc . The module F (pa)
is not irreducible representation. For instance, the irreducible highest weight module V (λ) for Uq(ŝl(2))
was constructed from the similar space as F (pa) by two steps; the first step is the construction of the
q-Wakimoto realization by the ξ-η system, and the second step is the resolution by the Felder complex
[22]. In this paper we study the ξ-η system and introduce the q-Wakimoto realization for Uq(ŝl(N |1)).











i,j(z) : . (4.5)










m−1ξi,j(z) (m ∈ Z) are well defined
on the space F (pa). They satisfy
{ηi,jm , ξi,jn } = δm+n,0, {ηi,jm , ηi,jn } = {ξi,jm , ξi,jn } = 0 (1 ≤ i < j ≤ N), (4.6)
[ηi,jm , ξ
i′,j′








n ] = 0 (i, j) 6= (i′, j′). (4.7)





2 = 0, (ξi,j0 )
2 = 0 and Im(ηi,j0 ) =
Ker(ηi,j0 ), Im(ξ
i,j
0 ) = Ker(ξ
i,j















0 = 1. (4.8)
8
We have a direct sum decomposition.




0 F (pa)⊕ ξi,j0 ηi,j0 F (pa), (4.9)




0 F (pa), Coker(η
i,j




0 F (pa). (4.10)







F (pa) = ⋂
1≤i<j≤N
Ker(ηi,j0 ), (4.11)
The dressing operators U±i (z) and the zero-mode operators Pi, Qi commute with η
i′,j′
0 . The bosonizations




0 up to sign ±.
Proposition 4.2 The subspace F(pa) is both Uq(ŝl(N |1)) and Uq,p(ŝl(N |1)) module.
Let α¯i, Λ¯i, (1 ≤ i ≤ N) and (·|·) be the simple roots, the fundamental weights, and the symmetric
bilinear norm ; (α¯i, α¯j) = Ai,j , (α¯i, Λ¯j) = δi,j . It is expected that we have the irreducible highest weight




aΛ¯i, by the Felder complex of
the q-Wakimoto realization. We would like to report this problem for Uq(ŝl(N)) and Uq(ŝl(N |1)) in the
future publication.
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